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Abstract 
The gravity model is used in a variety of fields to explain spatial interaction behavior such as transportation, 
commodity, or migration flows, but the model assumes observed flows to be independent and thus affected by spatial 
autocorrelation. Recent studies succeeded in modeling origin-destination (OD) flows in a spatial econometric field, 
implying that considering spatial dependence among flows will improve the accuracy of the model. However, not all 
origin-destination flow data contains intraregional flows, and no research has been conducted on how to cope with 
such data. This study focuses on the problem wherein the spatial econometric model for flows proposed by LeSage 
and Pace (2008) is not feasible when the flow data does not have intraregional flows. The study also proposes the EM 
algorithm as a method to overcome this problem. 
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1. Introduction 
Spatial interaction models are often used for modeling flows between the origin and destination since 
the development of a gravity model. Even though the gravity model has a long history and is a classical 
model, it has been widely used in a variety of fields, such as predicting flows in the transportation field 
and factor analyses in the economic field, and is still recognized as a strong tool to model spatial 
interaction behavior. Reasons for the prosperity of the gravity model are the simplicity of its mathematical 
form and the intuitive nature of its underlying assumptions, as Sen and Smith [1] noted in their 
monograph. 
The use of the distance function may seem to capture spatial dependence in flows; however, Curry [2] 
was the first to point out the lack of considering spatial dependence in the conventional spatial interaction 
model; later, Griffith and Jones [3], in a study on Canadian journey-to-work flows, stated that “distance-
decay exponents are strongly influenced by geographic structure and the geometry of origins and 
destinations” [4]. 
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Studies on modeling origin-destination flows with spatial dependence have recently been developed, 
and the number of empirical analyses is also increasing [5-6]; however, few studies among these mention 
intraregional flows or how to cope with them. LeSage and Fischer [7] mention that setting the 
intraregional flows to zero would worsen the precision of the model and suggest using a full set of non-
zero intraregional flows. Although their suggestion seems reasonable, not all the data contains complete 
information of intraregional flows. 
This study first reviews recent studies of modeling flows with spatial dependence in chapter 2, while 
an empirical analysis of Japanese migration flows is discussed in chapter 3 to examine the effectiveness 
of the model considering spatial dependence in flows. Then, in chapter 4, the study discusses the latent 
estimation problem when intraregional flows are not observed. In chapter 5, the study proposes a method 
to estimate the model’s effectiveness with no-intraregional-flows data and applies it to the data mentioned 
above, thus demonstrating the result. Finally, the conclusion is presented in chapter 6. 
2. Spatial econometric model for flow data 
The classical gravity model exhibits a flow from origin region i to destination region j with variables 
that indicate the characteristics of the origin and destination regions, respectively, and a distance between 
those two regions. The logarithmic transformation of the gravity model will produce a least-square linear 
regression type of model as shown in equation (1). 
εdγβ1y  TD don XX                                                                                               (1) 
where Xo and Xd are n2-by-k matrices containing k explanatory variables for each origin and 
destination region, respectively, with associated k-by-1 parameter vectors β and γ. Variable d is an n2-by-
1 vector of distances, and an associated scalar θ is known as a distance-decaying parameter reflecting the 
effect of distance. The additional n2-by-1 vector of ones with the scalar parameter α is used to form a 
constant term. In this type of linear regression gravity model, n2-by-1 disturbance vector ε is assumed to 
be i.i.d. 
The equation (1) uses the distance function for modeling spatial interaction behavior; however, there 
was a lack of consideration of spatial dependence, and estimation might be affected by spatial 
autocorrelation. In spatial econometrics, geographical contiguity between observed areas is represented in 
a spatial weight matrix to consider spatial correlation of observed data. This is easy for object data, which 
represents areas or points since n observations will make an n-by-n matrix, but it becomes complicated to 
think of flow observations where one flow observation already comprises two locations—origin and 
destination. LeSage and Pace [5] propose an idea to see a flow as one observation rather than an origin-
destination pair and suggest three different types of contiguity to capture spatial dependence in flows, 
namely, origin-based, destination-based, and origin-to-destination based dependence. When a flow from 
origin region i to destination region j exists, each definition of contiguity in dependence can be considered 
as follows: 
Origin-based dependence: flows from neighbor of origin i to destination j. 
Destination-based dependence: flows from origin i to neighbor of destination j. 
Origin-to-destination based dependence: flows from neighbor of origin i to neighbor of destination j. 
These spatial weight matrices can be constructed by the Kronecker product; origin-base no IWW  , 
destination-based WIW  nd , and origin-to-destination based WWW  w , where W is an n-by-n 
spatial weight matrix and In is an n-by-n identity matrix. Since all the three contiguity flows might 
produce spatial dependence, a spatial autoregressive (SAR) model can be expressed as 
εdγβ1yyyy  TDUUU donwwddoo XXWWW                                                   (2) 
This third-order generalized model can create a family of other models by setting several restrictions 
on the spatial lag coefficients as shown in Table 1 below. 
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Table 1. Model family 
 
 
 
 
 
 
 
 
 
 
 
These nine models consider different patterns of spatial dependence. Model 1, restricting all ρ as zeros, 
will assume that there is no spatial dependence, thus making the model a classical gravity model. Models 
2 through 4 assume that only origin, destination, or origin-to-destination based dependence exist and 
reject the other two possible dependences. Models 5 and 6 consider plural contiguities but do not separate 
the impacts of dependences in favour of a cumulative impact. Models 7 and 8 do separate the impacts of 
dependences by using separable spatial weight matrices, but model 7 rejects origin-to-destination based 
dependence, and model 8 restricts the strength of origin-to-destination based dependence expressed by ρw 
equals to –ρdρo. Finally, model 9 involves three separable weight matrices with no restriction. 
3. Data and preliminary analysis 
3.1. Data and model specification 
The 2006 interregional migration flow data from the basic resident register migration report of 
Statistics Bureau of Ministry of Internal Affairs and Communications is used in this study. There are 47 
prefectures in Japan, which will make 472 = 2209 flows, and 2209-by-2209 spatial weight matrices, 
which are constructed by the 47-by-47 spatial weight matrix based on five nearest neighbors. 
The following six explanatory variables that indicate the characteristics of origin and destination 
regions are chosen to follow those of LeSage and Pace [5]—the log of population, the log of area (km2), 
and the proportion of population under age 14, and the degree of unemployment, the third industry 
employee, and executive. The Euclidean distances between the centers of population for each prefecture 
are calculated as the distances from the origin to destination prefectures; therefore, intraregional flows 
have zero distances for simplicity. 
Since neither equation (1) nor equation (2) distinguishes between interregional and intraregional flows, 
parameters may be estimated to explain intraregional flows, which are often larger than interregional 
flows. To avoid the problem, LeSage and Pace [4] suggested embedding a separate model for the 
intraregional flows to avoid large intraregional flows from affecting the entire model, which tries to 
explain variation in interregional flows [7]. This adjusted model is expressed as 
εdψγβ11y  TDD idoiin XXX ~~~                                                                                  (3) 
where 1i and Xi contain n ones and n variables associated with the intraregional flows, respectively, and 
zero values for other observations. Other variables with tilde can then be produced by inn 111  ~ , 
ioo XXX  ~   and idd XXX  ~ . The SAR models can be constructed by adding spatial lag to the 
gravity model in equation (3). 
 
 
Model No.
Model 1
Model 2
Model 3
Model 4
Model 5
Model 6
Model 7
Model 8
Model 9 unrestricted
Restriction Formula
0   wdo UUU
0  wo UU
0  wd UU
0  do UU
wdo UUU   
0 wU
odw UUU  
0  wdo UUU
εdγβ1y  TD don XX
εdγβ1yy  TDU dondd XXW
εdγβ1yy  TDU donoo XXW
εdγβ1yy  TDU donww XXW   εdγβ1yy  TDU dondo XXWW2/1   εdγβ1yy  TDU donddo XXWWW3/1 εdγβ1yyy  TDUU donddoo XXWW
εdγβ1y-yyy  TDUUUU donwdoddoo XXWWW
εdγβ1yyyy  TDUUU donwwddoo XXWWW
Morito Tsutsumi aand Kazuki Tamesue / Procedia Social and Behavioral Sciences 21 (2011) 184–192 187
3.2. Estimation result 
Nine models are estimated, and their log-likelihood values are shown in Table 2. It is clear that the 
unrestricted model using three separate spatial weight matrices has the highest log-likelihood value. 
Likelihood ratio test (LR test) also shows the significant difference of the model since the critical values 
of the LR test are 89.3)1(2  F , 99.5)2(2  F , and 82.7)3(2  F  for each degree of freedom in 95% of 
the Chi-Square percentile. From this result, it is clear that the model that uses three separate spatial weight 
matrices with no restriction on spatial lag coefficients can best capture the spatial dependence in flows. 
The classical gravity model has the lowest log-likelihood value out of the nine models, suggesting that the 
spatial interaction model’s assumption that there is no spatial dependence in flows will make a bad result. 
Table 2. Model comparison 
 
 
 
 
 
 
 
 
 
 
 
Table 3. Parameters of the LR model and the SAR model 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
log likelihood LR test against
Model 9
Model 9 unrestricted –952.48
Model 8 –1095.44 285.92
Model 7 –1330.32 755.68
Model 5 –1332.45 759.94
Model 6 –1533.30 1161.64
Model 3 –1533.68 1162.40
Model 2 –1574.00 1243.04
Model 4 –1758.72 1612.48
Model 1 –1855.50 1806.04
Model
0   wdo UUU
0  wdo UUU
0  wo UU
0  do UU
0  wd UU
wdo UUU   
0 wU
odw UUU  
variable Coefficient t -statistic Coefficient t -statistic
Constant –27.003 –35.372 –11.555 –19.911
I_Constant –7.652 –2.435 4.407 2.228
O_pop 0.932 38.576 0.353 18.429
O_area 0.209 8.591 0.055 3.625
O_under14 9.602 6.912 2.517 2.936
O_unemploy 29.302 10.761 9.051 5.304
O_third_employ 17.884 17.224 6.208 9.282
O_executive –33.178 –7.401 –9.845 –3.563
D_pop 1.041 43.124 0.385 19.444
D_area 0.126 5.183 0.03 1.992
D_under14 14.787 10.644 4.276 4.933
D_unemploy 22.653 8.32 7.217 4.268
D_third_employ 17.425 16.782 5.893 8.814
D_executive –25.654 –5.723 –6.984 –2.533
I_pop 1.239 8.4 0.068 0.729
I_over65 –1.715 –0.355 –2.165 -0.716
I_unemploy 19.311 1.337 21.296 2.408
distance –1.151 –65.928 –0.259 –13.272
ρ o 0.628 45.558
ρ d 0.618 43.625
ρw –0.555 –32.806
Classical Gravity Model SAR Model
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Estimated parameters of the classical gravity model and the unrestricted third-order SAR model 
(model 9) are represented in Table 3. Spatial parameters of origin-based and destination-based 
dependence are above 0.6, indicating strong spatial correlation, and their t-statistic shows significance of 
two dependences. The t-statistic of ρw also indicates the importance of origin-to-destination based 
dependence, but unlike other dependences, ρw = –0.555 indicates a negative spatial correlation and also 
clarifies that the restriction of ρw = –ρdρo is not valid. O_, D_, and I_ are labeled before the variable names 
to indicate whether they are origin variables, destination variables, or intraregional variables. Parameters 
of the SAR model are smaller than those of the gravity model, but the comparison of parameters between 
these two models is not appropriate since the SAR model has a spatial lag of the endogenous variable, 
while the gravity model does not. 
4. Intraregional flow problem 
From the empirical analysis in the previous chapter, the work of LeSage and Pace (2008) [5] that 
aimed to capture spatial dependence in flows by the spatial econometric approach seems convincing. 
Further, the suggestion of constructing n2-by-n2 spatial weight matrices by the Kronecker product made it 
more convenient for researchers to define contiguity of flows, but using the Kronecker product will 
automatically include the contiguity of both intraregional as well as interregional flows inside the spatial 
weight matrices. Therefore, intraregional flow data must be involved in the endogenous variable in order 
to carry out estimation, and this becomes a difficult condition for data that does not have observed 
intraregional flows.  
Some researchers may set zeros for unknown flows in such data; however, zero values for all 
intraregional flows should be avoided. To illustrate the reason behind not setting intraregional flows to 
zero values, the study first compares the results of two estimations—one that sets zero values for the 
Table 4. Zero intraregional flows vs. non-zero intraregional flow 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
variable Coefficient t -statistic Coefficient t -statistic
Constant –29.191 –19.322 –11.581 –20.319
O_pop 0.736 15.112 0.342 18.290
O_area 0.019 0.432 0.073 4.886
O_under14 –1.880 –0.779 3.144 3.653
O_unemploy 6.642 1.389 10.041 5.932
O_third_employ 5.621 3.165 6.500 9.986
O_executive –2.761 –0.348 –10.064 –3.624
D_pop 0.744 15.412 0.376 19.771
D_area –0.014 –0.330 0.047 3.141
D_under14 0.530 0.253 4.968 5.756
D_unemploy 5.062 1.099 8.114 4.792
D_third_employ 5.345 3.062 6.186 9.494
D_executive –1.879 –0.258 –7.099 –2.556
distance 0.378 32.039 –0.297 –67.919
ρ o 0.214 7.442 0.618 49.646
ρ d 0.155 5.202 0.609 46.760
ρw 0.502 13.807 –0.552 –32.365
Log-likelihood –3078.635 –1009.715
Zero intraregional flows Non-zero intraregional flows
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intraregional flows and the other as the full set of non-zero intraregional flows. For illustration, the 
unadjusted model was estimated since it is unreasonable to separate interregional and intraregional flows 
as in the adjusted model when one of the data is set to zero for intraregional flows. 
The results shown in Table 4 explicitly display some problems in coefficient estimates; for example, 
the coefficient of distance is nonnegative and significantly different from zero contrary to the estimated 
result in the previous chapter. Non-negative distance coefficient implies that the migration flows will 
increase as the distance increases, and it is obviously incorrect. Origin- and destination-based dependence 
parameters dropped dramatically, but a more important difference is that origin-to-destination based 
dependence parameters became nonnegative. Setting all the intraregional flows to zeros will have a huge 
impact on the spatial structure, thus affecting estimation. 
The results show an inadequacy of setting intraregional flows as zeros, as LeSage and Fischer (2010) 
[7] also mention in their work, and imply that information of intraregional flows is as important as that of 
interregional flows when the SAR model is used. Again, it must be emphasized that not all the OD data 
contains intraregional flow data, although the SAR model proposed by LeSage and Pace (2008) [5] can 
only estimate flow data with a full set of both interregional and intraregional flows without some methods, 
which had not been proposed until now. 
5. Intraregional flow problem 
5.1. A new estimation method 
To overcome the problem of the estimation method for non-intraregional-flow data, which has not 
been discussed in prior research, this study proposes a method in which the EM algorithm can be used by 
regarding intraregional flows as missing data. The EM algorithm, proposed by Dempster et al. [8], is a 
method for carrying out maximum likelihood estimation of incomplete data with iterated calculation. One 
of the advantages of employing this EM algorithm is that it estimates not only parameters of a model but 
also the missing values in the data. The EM algorithm procedure that this study adopts is as follows: 
Initial values are set to unknown intraregional flows. The following two steps are repeated until 
convergence: 
x M-Step: with the pseudo-complete data, parameters that maximize likelihood are calculated. 
x E-Step: with the estimated parameters, expectations of the intraregional flows are calculated. 
For the classical gravity model, only the OLS estimation is needed in the M step of the procedure, but 
for the SAR model, the log-determinant of a matrix in the log-likelihood function must be calculated in 
order to determine the spatial parameter ρ. The log-likelihood function of the third-order SAR model 
becomes   εεc 22 21ln2ln2ln VVSUUU NL wwddooN WWWI                                           (4) 
with n2-by-n2 identity matrix IN. 
However, one problem arises in this calculation; in the adjusted model (3), which distinguishes 
interregional and intraregional flows, information of these two flows do not affect each other. The gravity 
model that was used in the previous chapter can be decomposed into two models as below. 
if y is interregional flows,  εdγβ1y  TD doner XX ~~int                                                     (5) 
if y is intraregional flows,  εψ1y  iiira XDint                                                                       (6) 
Note that the coefficients of equation (6) to be estimated are only αi and ψ because of the assumption 
that the intraregional flows have zero distance. Since all the missing values are intraregional flows, they 
are estimated by equation (6), and predictors will converge depending on the initial values set at the first 
step of the EM algorithm previously explained. Therefore, the study employs the unadjusted model, 
which does not separate inter and intraregional flows, to avoid the above problem and also to make sure 
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the information of missing values affect the model during the estimating procedure. 
5.2. Estimation result 
Table 5 shows the estimation result of parameters for the SAR and gravity model. The estimate with a 
full-set of non-zero intraregional flows in the unadjusted and the adjusted models are also included for 
better comparison. It must be noted that the adjusted model distinguishes inter and intraregional flows, 
while the unadjusted model does not. Even though the unadjusted model was used for estimation with the 
EM algorithm, estimated parameters are likely to be near those of the adjusted model. The parameters 
coincide with each other in the gravity model, and the parameters of the spatial autoregressive models are 
similar to the adjusted model rather than the unadjusted model. It is clear that assuming unobserved 
intraregional flows to more likely values will result in a good estimation. 
Figure 2 illustrates the true values and predictors of intraregional flows presenting another interesting 
point. The predictors of both the gravity and SAR models are included for better comparison, and it is 
important to note that values are logged-values. From Figure 2, the predictors of the SAR model seem 
close to the true values; moreover, it is clear that the gravity model predicts values far less than the true 
values. Root mean-squared error (RMSE), which calculates the accuracy of prediction, for the gravity 
model and the SAR model are 9.611 and 0.972, respectively. A reason for the bad predictions of the 
gravity model may be due to the assumption of flows as being independent and setting intraregional 
distances as zero. Although zero distance will result in an overestimation, considering neighbor flows will 
work as a restriction against overestimation. 
 
Table 5. Parameters comparison 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
variable EM algorithm unadjusted adjusted EM algorithm unadjusted adjusted
Constant –9.990 –11.555 –11.581 –27.003 –27.003 –26.830
O_pop 0.301 0.353 0.342 0.932 0.932 0.992
O_area 0.055 0.055 0.073 0.209 0.209 0.003
O_under14 2.427 2.517 3.144 9.602 9.602 5.716
O_unemploy 8.015 9.051 10.041 29.301 29.301 12.164
O_third_employ 5.425 6.208 6.500 17.884 17.884 11.341
O_executive –8.856 –9.845 –10.064 –33.177 –33.177 –15.095
D_pop 0.330 0.385 0.376 1.041 1.041 1.101
D_area 0.034 0.030 0.047 0.126 0.126 -0.079
D_under14 3.981 4.276 4.968 14.787 14.787 10.9
D_unemploy 6.451 7.217 8.114 22.653 22.653 5.515
D_third_employ 5.12 5.893 6.186 17.425 17.425 10.881
D_executive –6.237 –6.983 –7.099 –25.654 –25.654 –7.573
distance –0.239 –0.259 –0.297 –1.151 –1.151 –0.467
I_Constant 4.407 –7.652
I_pop 0.068 1.239
I_over65 –2.165 –1.715
I_unemploy 21.296 19.311
ρ o 0.67 0.628 0.618
ρ d 0.662 0.618 0.609
ρw –0.606 –0.555 –0.552
SAR Model Classical Gravity Model
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Fig. 1. True and estimated values of intraregional flows 
6. Conclusion 
This study focused on the estimation problem of the no-intraregional-flow data in the spatial 
econometric model for flow. Recent studies have succeeded in considering spatial dependence in flows, 
but the question remains regarding how to deal with data in which intraregional flows are not observed. 
The problem seems obvious, although none of the prior researches have mentioned a method to cope with 
such data. First, the study reviewed the work by LeSage and Pace (2008) [5] for a spatial autoregressive 
model of flows. Second, the study examined the effectiveness of considering spatial dependence in flows 
compared to the conventional gravity model via empirical analysis. Then, the study discussed the problem 
when flow data that does not have intraregional flows is used for estimation and proposed the method to 
use the EM algorithm. The result showed the validity of our proposal and implied inappropriateness of 
judging intraregional flows as a nuisance. The accuracy of prediction also suggests that the method may 
also be used for predicting intraregional flows from interregional flows by considering spatial dependence 
among flows. 
Further research is necessary for the distance of the intraregional flows. In this study, distances of the 
intraregional flows are set to zero for simplicity, but more appropriate distances may lead to better 
accuracy of the model. A conceivable approach is to use road distances or time distances rather than 
Euclidian distances, although the unique shape of Japan poses some difficulties in choosing the 
appropriate distance. 
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